Abstract. Let M = G/Γ be a compact nilmanifold endowed with an invariant complex structure. Using a descending series associated to the complex structure and the Borel spectral sequences for the corresponding set of holomorphic fibrations, we prove a version of Nomizu's Theorem for the Dolbeault cohomology of M .
Introduction
Let M be a compact nilmanifold of real dimension 2n. It follows from a result of Mal'čev [Ma] that M = G/Γ where G is a simply connected (s + 1)-step nilpotent Lie group admitting a basis of left invariant 1-forms for which the coefficients in the structure equations are rational numbers, and Γ is a lattice in G of maximal rank (i.e, a discrete uniform subgroup, cf. [Ra] ). We will let Γ act on G on the left. We assume that M has an invariant complex structure J, that is to say that J comes from a (left invariant) complex structure J on g. By g we denote the Lie algebra of G and by g C its complexification.
The study of the Dolbeault cohomology of nilmanifolds with an invariant complex structure is motivated by the fact that the latter provided the first known examples of compact symplectic manifolds which do not admit any Kähler structure [Ab] , [CFG] , [Th] . Recall that the de Rham cohomology of a compact nilmanifold can be computed by means of the cohomology of the Lie algebra of the corresponding nilpotent Lie group (Nomizu's Theorem [No] ). Our goal is to prove the analogue of Nomizu's Theorem for the Dolbeault cohomology of M .
Theorem A. There exists an isomorphism
Here H * , * ∂ (g C ) denotes the cohomology ring of the differential bigraded algebra Λ * , * (g C ) * , associated to the Lie algebra g C with respect to the operator ∂ in the canonical decomposition d = ∂ + ∂ on Λ * , * (g C ) * . Note that H * , * ∂ (g C ) can be identified with the cohomology of the Dolbeault complex of the forms on G which are invariant by the left action of G (we shall call them briefly Ginvariant forms) and H In Section 5 we compare the spectral sequence (Ẽ r ,d r ) with the Borel spectral sequence (E r , d r ). Inductively (starting with i = s) these two spectral sequences allow us to give isomorphisms between the Dolbeault cohomologies of the total spaces and the one of the corresponding Lie algebras. The last step gives Theorem A.
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We define inductively G i J to be the fibre of p i−1 . Remark that the Lie algebra of
Given the uniform discrete subgroup Γ of G = G 0 , we consider the continuous surjective mapp
J is a lattice (and in particular discrete). Note moreover that G 1 J is simply connected. This follows from the homotopy exact sequence of the fibering p 0 . Indeed we have
Proof. Observe first thatp i−1 is the induced map of p i−1 taking quotients of discrete subgroups. The tangent map ofp i−1
is J-invariant. Thusp i−1 is a holomorphic submersion. In particular it is a holomorphic family of compact complex manifolds in the terminology of [KS] (see also [Sun] ). The fibres ofp i−1 are all holomorphically equivalent to G i J /Γ i (the typical fibre). Thus a theorem of Grauert and Fisher [FG] applies, implying thatp i−1 is a holomorphic fibre bundle. q.e.d.
Note that
Given a holomorphic fibre bundle it is possible to construct the associated Borel spectral sequence, that relates the Dolbeault cohomology of the total space T with that of the basis B and of the fibre F . We will need the following Theorem (which follows from [Hi, Appendix II by A. Borel, Theorem 2.1] and [FW] 
(iii) The spectral sequence converges to H ∂ (T ).
3. An adapted basis of (1, 0)-forms
In this section we prove that one can choose a basis of (1,0)-forms on g which is compatible with the descending series (DJ). We consider, like in [Sa] , some subspaces V i (i = 0, . . . , s+ 1) of V := (T e G) * ∼ = g * , that determine a series, which is related to the descending central series (D).
Indeed we define:
Note that V i is the annihilator (g i ) o of the subspace g i and that
In particular there exists at least a closed (1, 0)-form (this implies Remark 1). Moreover we have the following isomorphisms:
is the conjugate of V 1,0
i . With respect to the subspaces V 1,0 i the above basis can be ordered as follows (we let In this way we can consider: -the elements of λ 1,0 /V q.e.d.
Remark 2. dω i , i = n − n i−1 + 1, . . . , n − n i belongs to the ideal generated by {ω l , l = 1, . . . , n − n i−1 }. Remark 3. If J is abelian it is possible to choose a basis of (1, 0)-forms {ω 1 , . . . , ω n } on g such that
A spectral sequence for the complex of invariant forms
We construct a spectral sequence 
where |A| denotes the number of elements of the finite set A. Note thatL 0 = Λ t and thatL
The above shows that {L k } defines a bounded decreasing filtration of the differential module (Λ t , ∂ 
b .
Lemma 5. Given the holomorphic fibration
is a general property of spectral sequences associated to filtered complexes (cf. [GH] ).
Let
q.e.d.
Proof of Theorem A
First we note that Theorem A is trivially true if the nilmanifold comes from an abelian group, i.e., it is a complex torus. Namely, if A/Γ is a complex torus we have
We consider the holomorphic fibrations
. . .
The aim is to obtain informations about the Dolbeault cohomology of G/Γ inductively through the Dolbeault cohomologies of G i J /Γ i (the nilmanifolds G i J /Γ i play alternately the rôles of fibres and total spaces of the above fibre bundles). Note that since the bases are complex tori, H ∂ (G
. To this purpose we will associate to these fibrations two spectral sequences. The first is a version of the Borel spectral sequence (considered in Section 2) which relates the Dolbeault cohomologies of the total spaces with those of fibres and bases. The second is the spectral sequence (Ẽ r ,d r ) (constructed in the previous Section) relative to the Dolbeault cohomologies of the Lie algebras
We will proceed inductively on the index i in the descending series (DJ), starting from i = s. First inductive step. Let us use the holomorphic fibre bundlẽ
Applying Theorem 3 (since the fibre G s J /Γ s is Kähler) and using (s) and (s, s − 1), we get
Next we use the spectral sequence (Ẽ r ,d r ). Note that the inclusion between the Dolbeault complex of G 
(which is actually a morphism of spectral sequences). By Lemma 5, for i = s, we have that (Ẽ r ,d r ) converges to H ∂ ((g
Comparing (Is) with (Ĩs), we get that E 2 =Ẽ 2 , hence the spectral sequences (E r , d r ) and (Ẽ r ,d r ) converge to the same cohomologies. Thus
General inductive step. We use the holomorphic fibre bundlẽ
with typical fibre G i J /Γ i . We assume inductively that
Lemma 6. The scalar cohomology bundle
is trivial. 
(1: identity element of
and regard it as a G i−1
Thus the assumption (I') in Theorem 3 is fulfilled. Observe moreover that, since G i−1,i J /p i−1 (Γ i−1 ) is a complex torus, by (a),
Hence, by Theorem 3, we have
Then we proceed exactly like in the first inductive step. Namely, we consider the spectral sequence C ) and
Using (Ii) and proceeding like in the first inductive step we get the proof of Theorem A. q.e.d.
Final remark (on abelian complex structures).
If the invariant structure J is abelian, g We give an alternative (and simpler) proof of Theorem A in this case. In the same vein of [No] we consider the principal holomorphic fibre bundle
We proceed by induction on the dimension of the nilmanifold. First we can consider the Borel spectral sequence (E r , d r ) associated to the Dolbeault complex Λ * , * (G/Γ) (cf. Theorem 3) and a spectral sequence (Ẽ r ,d r ) associated to Λ * , * (g) C and constructed like in Section 4. As to the latter spectral sequence (Ẽ r ,d r ), observe that, by Remark 3 in Section 3, there exists a basis {ω 1 , . . . , ω n } of (1, 0)-forms on g such that {ω 1 , . . . , ω n−n s } is a basis on g/g s J and {ω n−n s +1 , . . . , ω n } is a basis on g C ) and this implies Theorem A (in the abelian case).
Next we construct a minimal model for the Dolbeault cohomology of a nilmanifold endowed with an abelian complex structure.
Recall that a model for the Dolbeault cohomology of M is a differential bigraded algebra (M * , * , ∂) for which there exists a homomorphism ρ : M * , * → Λ * , * (M ) of differential bigraded algebras inducing an isomorphism ρ * on the respective Dolbeault cohomologies [NT] . Suppose M is free on a vector space V . Then ∂ is called decomposable if there is an ordered basis of V such that the differential ∂ of any generator v of V can be expressed in terms of the elements of the basis preceeding v. A model is called minimal if M is free and ∂ is decomposable [Su] .
By [Sa] , in the abelian case, there exists a basis {ω 1 , . . . , ω n } of (1, 0)-forms on g such that
Thus, by Theorem A and (m), (Λ * , * (g C ), ∂) is a minimal model for the Dolbeault cohomology of G/Γ.
